Using a combination of semiconductor theory and experimental results from the scientific literature, we have compiled and plotted the key third-order nonlinear optical coefficients of bulk crystalline Si and Ge as a function of wavelength (1.5À6.7 lm for Si and 2-14.7 lm for Ge). The real part of third-order nonlinear dielectric susceptibility (v (3)0 ), the two-photon absorption coefficient (b TPA ), and the Raman gain coefficient (g R ), have been investigated. Theoretical predictions were used to curve-fit the experimental data. For a spectral range in which no experimental data exists, we estimate and fill in the missing knowledge. Generally, these coefficient-values appear quite useful for a host of device applications, both Si and Ge offer large v (3)0 and g R with Ge offering the stronger nonlinearity. In addition, we use the same theory to predict the third-order nonlinear optical coefficients of Si 1Àx Ge x alloy. By alloying Si and Ge, device designers can gain flexibility in tuning desired optical coefficients in between the two fundamental components based upon their application requirements.
Using a combination of semiconductor theory and experimental results from the scientific literature, we have compiled and plotted the key third-order nonlinear optical coefficients of bulk crystalline Si and Ge as a function of wavelength (1.5À6.7 lm for Si and 2-14.7 lm for Ge). The real part of third-order nonlinear dielectric susceptibility (v (3)0 ), the two-photon absorption coefficient (b TPA ), and the Raman gain coefficient (g R ), have been investigated. Theoretical predictions were used to curve-fit the experimental data. For a spectral range in which no experimental data exists, we estimate and fill in the missing knowledge. Generally, these coefficient-values appear quite useful for a host of device applications, both Si and Ge offer large v (3)0 and g R with Ge offering the stronger nonlinearity. In addition, we use the same theory to predict the third-order nonlinear optical coefficients of Si 1Àx Ge x alloy. By alloying Si and Ge, device designers can gain flexibility in tuning desired optical coefficients in between the two fundamental components based upon their application requirements. There are compelling reasons to migrate silicon photonics (known more accurately as group IV photonics) from the telecom wavelength region into the midwave and longwave infrared. [1] [2] [3] [4] [5] [6] First, group IV photonics have many potential applications in chemical and biological sensing for realizing the lab-on-a-chip concept. Low cost miniature group IV sensors for trace gas detection, bio-agent sensing, environmental monitoring and industrial process control will attract researchers' interest. Second, the undesired nonlinear loss, two-photon absorption (TPA), which is a limiting factor for nonlinear optical processes in the near-infrared vanishes at longer wavelengths as the energy of two photons is not enough for a band-to-band transition. Efficient nonlinear processes at longer wavelengths are expected.
In the infrared range, the principal on-chip integrated channel waveguides are likely to be silicon-on-insulator (SOI), silicon-on-sapphire (SOS), silicon-on-nitride (SON), and germanium-on-SOI (Ge/SOI), whose low-loss transmission range extends out to the wavelength of 3.7 lm for SOI, 4.4 lm for SOS, 6.7 lm for SON and 14.7 lm for Ge/SOI. The SOI waveguide has a propagation loss of less than 2 dB/ cm over the 1.1 to 2.5 lm and 2.9 to 3.6 lm bands, with fairly high loss over 2.5 to 2.9 lm. Except for SOS, these longwave guides are untested at present. For nonlinear optical processes at longer wavelengths, there has been experimental realization for applications recently such as wavelength conversion, 7, 8 optical parametric waveguided gain, 9 cascaded four-wave mixing for multiline infrared sources, 9 Raman waveguided gain, 10 and cascaded Raman lasers.
11 Both Si and Ge possess strong third-order nonlinear optical (NLO) coefficients with reduced TPA, and in the aforementioned waveguides, we can project a bright future for third-order NLO effects and devices in the midwave and longwave infrared.
Designers of the new NLO devices mentioned here will surely rely upon knowledge of the relevant third-order NLO coefficients. Detailed knowledge is needed because these coefficients may have strong wavelength dependences over the midwave region (a little-known fact). Unfortunately, there are longwave regions or spectral "gaps" over which a)
Author to whom correspondence should be addressed. Electronic mail: kamyan@ucla.edu. knowledge of the coefficients (as revealed in the scientific literature) is missing. Moreover, an examination of the literature shows some inconsistencies in experimental data. We have addressed these problems here.
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To assist NLO designers in their new infrared mission, we have compiled the important NLO data and have filled in the knowledge gaps using semiconductor nonlinear optical theory. The resulting combination of experiment and modeling predictions will, we believe, give the community a comprehensive picture of the group IV nonlinear properties over the 1.5 to 14.7 lm wavelength range. In undoped crystalline Si and Ge, the focus of this paper, the effects can be either resonant (Raman) or nonresonant, and the significant coefficients of interest are the third-order nonlinear susceptibility, actually the real part of it denoted by v (3)0 , the Kerr coefficient (n 2 ), the Raman gain coefficient (g R ), and the TPA coefficient (b TPA ). n 2 is linked to v (3)0 and we have used n 2 results (in some cases) to determine v (3)0 . Thus, we investigate v (3)0 , g R and b TPA in this paper (all units are in MKS throughout the paper). We are examining NLO effects at photon energies less than the band-gap energy, rather than examining a band-edge effect like the Franz-Keldysh modulation linked to v (3)0 . Besides bulk crystalline Si and Ge, the alloy of these two materials, namely, Si 1Àx Ge x has long been investigated due to its importance in transistor fabrication where it provides higher mobility of charge carriers. Also, the use of Si-rich Si 1Àx Ge x alloy for the Raman laser has been demonstrated. This gives a tuned Si-Si Raman mode and thus different Raman emissions for same pump wavelength. 12 Although second-order nonlinearity exists in ordered Si 1Àx Ge x due to the break of inversion symmetry, it is seldom considered as a choice for second-order NLO devices as there are lots of other choices (e.g., LiNbO 3 ) which give designers much stronger second-order effects. 13 So, we focus only upon the third-order nonlinearity of Si 1Àx Ge x in this paper. We include Si 1Àx Ge x here as a material that NLO designers can possibly choose based on their need to engineer the third order nonlinearity in between that of bulk Si or Ge. In other words, this alloying gives us an additional tuning parameter to engineer the bandgap and thus the magnitude of v (3)0 , b TPA as well as the TPA cut-off regime. Moreover, the Raman line can be adjusted which gives flexibility in Raman-based device design.
The organization of this paper is as follows. We first look at the real part of the principal component (v (3)0 ), then we consider b TPA , and finally g R . The theories described in the sections below are employed to curve-fit the literature results and to estimate the third-order NLO coefficients in wavelength regions where no data exists for both Si and Ge. Regarding the third order optical nonlinearities of Si 1Àx Ge x , they are rarely explored even at near infrared wavelengths. So, we further use the estimated results and theoretical model to predict the coefficients of Si 1Àx Ge x . We find generally that v (3)0 and g R are quite strong in the midwave infrared, with Ge being significantly more nonlinear than Si, while the Si 1Àx Ge x response resides between those of the elements. Generally, the TPA is strong in the near infrared but drops significantly with increasing wavelength and becomes extinguished at 2.2 lm for Si, at 3.2 lm for Ge, and 2.2-3.2 lm based on the bandgap of Si 1Àx Ge x . Both v (3)0 and g R have useful device-worthy response extending out to longer wavelengths. We believe there is tremendous untapped potential here for Si, Ge, and Si 1Àx Ge x .
II. REAL PART OF THE THIRD-ORDER NONLINEAR SUSCEPTIBILITY v ð3Þ0 1111
Silicon photonics has attracted considerable attention during the past two decades due to its inherent advantages such as CMOS compatibility and low-cost high-volume production. In addition, the optical nonlinearity of Si has been investigated extensively, primarily at wavelengths longer than those in the near-infrared telecom regime. Similar NLO investigations have been carried out for germanium. Since Si is a centrosymmetric crystal for which the second-order susceptibility vanishes, optical nonlinearity research has centered on third-order NLO effects that are actually quite strong and thus of practical importance. (The effects are even stronger in Ge, but the optics community has not generally appreciated that fact). The nonresonant optical Kerr effect in Si is significant because it is two orders of magnitude greater than of glass optical fiber. A list of reported Kerr coefficients (n 2 ) within the 1530-1560 nm wavelength range [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] can be found in a review paper by Tsang et al.
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Recently, comprehensive measurements of n 2 are reported by Bristow et al. 22 and by Lin et al. 23 from 850 to 2200 nm and from 1200 to 2300 nm, respectively.
In this paper, we are investigating the primary thirdorder susceptibility which is the v 
where v ð3Þ0 eff is the effective third-order nonlinearity, n is the linear refractive index, and e 0 is the vacuum permittivity. The specifics of this relationship depend upon the crystallographic orientation, namely, v . 26 Besides n 2 , another nonlinear parameter c defined as
is widely used in waveguide designing where A eff is the effective cross-section area of the waveguided mode. Since n 2 and c can be linked to v ð3Þ0 1111 and the focus of this paper is bulk materials, we will mostly consider v ð3Þ0 1111 in the rest of this paper.
We have compiled various experimental v ð3Þ0 1111 susceptibility results given in the literature for both Si and Ge over the midwave and longwave region, and Fig. 1 presents our results. We can see in Fig. 1(a) that even for the recent measurements by Bristow et al. 22 and Lin et al., 23 there is a factor-of-6 difference in the reported values. The low-loss infrared transmission window of Si extends to around 9 lm but there are no experimental reports of the susceptibility parameter from 2.3 to 6.7 lm. It is important to estimate the NLO coefficient in this unexplored regime, therefore we have employed in Fig. 1(a) a theoretical dispersion curve based on a two-band model in the transparency region of this indirect-gap semiconductor. We used the curve to fit the experimental data and to fill the spectral "gap" with predicted behavior. 28, 29 The spectral dispersion curve of the real susceptibility v ð3Þ0 1111 can be related to the spectral response of the imaginary part of the susceptibility (v ð3Þ 00 1111 ) by the nonlinear KramersKronig relation. 28 Since the imaginary part is proportional to b TPA , the real part is also linked to the TPA coefficient b TPA as follows:
Then, an understanding of b TPA will give us an understanding of the real susceptibility. Using the approximation
, the degenerate b TPA (x) curve can be calculated using the model derived by Garica et al., 29 which incorporates the "forbidden-forbidden" (f-f), "allowed-forbidden" (a-f), and "allowed-allowed" (a-a) optical indirect transitions. Bristow et al. have used the same model to curve-fit the experimental data. b TPA (x) which is the sum of all three transition processes can be expressed as follows:
with i ¼ 0, 1, 2 for a-a, a-f, and f-f transitions. And
where F ðiÞ 2 ðxÞ ¼ ð2x À 1Þ iþ2 =ð2xÞ 5 , E ig is the indirect bandgap energy of Si, and K i is a curve-fitting factor.
The f-f transition process is much weaker than the other two processes in the transparent regime. 29 So, the two factors K 1 and K 2 , along with Eqs. (3), (4), and (5), are used for curve-fitting the experimental data. Figure 1 30 is also consistent with our estimation. An average of the two dispersion curves is plotted in Fig. 1(a) . Based on the average curve, NLO designers can have an estimated v The NLO effects of diamond-cubic Ge are much less explored than those of Si. Ge has a low-loss transmission window in the 2.0-14.7 lm range, a band wider than that of Si. Due to the availability of CO 2 laser sources, the nonresonant third-order nonlinearity of Ge was mainly investigated at 10.6 lm. [30] [31] [32] [33] All the reported values are plotted in Fig.  1(b) . The reported values are also summarized in review papers. 35, 36 From the graph, we can see that the values show a factor-of-4 difference, ranging from 0.35 Â 10 À18 m 2 /V 2 to 1.6 Â 10 À18 m 2 /V 2 at 10.6 lm. To estimate the most realistic 10.6 lm value, we have chosen the midrange value that is an average of the data points.
To estimate NLO within the spectral "gaps" of Ge, a theoretical dispersion curve based on the two-band model is used here again. Compared with indirect Si, the TPA of Ge is expected to be dominated by the direct bandgap of Ge which is close to its indirect bandgap. 28 
where
, E g is the direct bandgap of Ge, K' is a curve fitting parameter, and H(x) is a step function.
An upper and lower bound dispersive curves based on Eq. (6) are used to enclose the experimental v ð3Þ0 1111 of Ge. A resulting average dispersive curve is then shown in Fig. 1(b) which can give NLO designers an estimation value that is within a factor-of-2 uncertainty from experimental results. The NLO coefficient is strongly wavelength dependent up to 6 lm and then settles at an asymptotic value above 8 lm.
The inset lists the v ð3Þ0 1111 and n 2 at 3.17 lm (TPA cutoff), 3.39 lm (HeNe laser), and 4.26 lm (a CO 2 absorption band). This graph can act as a reference for NLO designers dealing with Ge. Because v ð3Þ0 1111 is quite large as shown, and because the Kerr effect of Ge is also $10 Â higher than that of Si, Ge "looks like" a better nonlinear material.
Since experimental results for v ð3Þ0 1111 of Si 1Àx Ge x do not exist, we can use a combination of above two models, the indirect bandgap model that was used for estimating Si and the direct bandgap model that was used for estimating Ge, to estimate the v ð3Þ0 1111 of Si 1Àx Ge x in the midwave and longwave infrared range. Both models actually depend on two important parameters: the linear refractive index n and the direct or indirect bandgap (E g or E ig ).
The refractive index of Si 1Àx Ge x can be formulated as follows: 
Also, the compositional dependence of the indirect bandgap energy of Si 1Àx Ge x has been studied, yielding the following expressions:
where E CD is the bandgap energy near the X valley [E ig ¼ E CD (x) when x ¼ 0 for Si], and E CL is the bandgap energy at the L valley. For the direct bandgap energy, we used the linear approximation of Eq. (9) to estimate the SiGe bandgap energy based on the direct bandgaps of Si (3.30 eV) and of Ge (0.82 eV):
Figure 2(a) shows the three bandgap energies as a function of x. We can see that the minimum bandgap energy changes from E CD to E CL at x ¼ 0.8. We believe that the most realistic model for Si 1Àx Ge x prediction is a two zone approximation in which we use the indirect bandgap model for estimating v ð3Þ0 1111 of Si 1Àx Ge x for 0 x 0.8 while we use the direct bandgap model for 0.8 < x 1. To confirm the validity of that approach, we plot the v ð3Þ0 1111 of Si 1Àx Ge x at 6 lm (the long wave asymptote) as a function of x in Fig. 2(b) using both models. The estimated value of Si 1Àx Ge x is calculated based on the two average v ð3Þ0 1111 dispersion curves (Si and Ge) we obtained in Fig. 1 . The curves coincide at the 0.8 inflection point, and the figure reveals that the two curve-segments mentioned above give a good physical picture of the x dependence. Putting these two Si 1Àx Ge x models together in the prescribed way, we next show the calculated midwave/longwave spectra of v is well known that free carrier absorption (FCA) is another counteracting effect induced by TPA. Both effects limit the achievable gain and thus a more comprehensive FOM should include both effects.
b TPA of Si has been well investigated and reported in the literature. A list of reported b TPA over 1530-1560 nm wavelengths [14] [15] [16] 20, 22, 23, 27, [39] [40] [41] can be found in a review paper by Tsang et al. 24 Also, both Bristow et al. 22 and Lin et al. 23 have reported comprehensive measurements of b TPA from 850 to 2200 nm and from 1200 to 2300 nm, respectively. Figure 4 (a) shows the experimental b TPA for silicon in literature as a function of wavelength. A theoretical degenerate b TPA (x) curve determined by Eqs. (3) and (4) as discussed in Sec. II is used for the curve-fitting. In a situation similar to that for the reported v Fig. 4(a) reveals. Two dispersion curves, one fitted to the Bristow's data and the other fitted to Lin's data, are plotted. These curves set the upper and lower boundaries on the reported results. Here we note that the v ð3Þ0 1111
in Fig. 1(a) is derived by the Kramers-Krönig relation from the b TPA (x) in Fig. 4(a) with an additional scaling factor. This scaling discrepancy can be accounted for by the neglect of Raman linear-and quadratic-Stark effects. 22 For Ge, most of the reported b TPA are from Refs. 43-45. Very early results show unexpectedly high values that are now interpreted as the combined effect of TPA and TPA-induced FCA. 43 A comprehensive measurement of b TPA from 2.6 to 3 lm is reported by Gibson et al. 45 Their data spectrum was fitted successfully with the simple bandmodel prediction of Bryant et al. 46 Also, a recent measurement of b TPA reported by Rauscher et al. 47 shows results that are consistent with those of Gibson et al.
Those reported b TPA values are shown in Fig. 4(b) . Here we use a two-band model to fit the experimental data. As mentioned in Sec. II, the model is based upon the direct bandgap of Ge. 32 The degenerate b TPA can be expressed as follows:
where F 2 ðxÞ ¼ ð2x À 1Þ 3=2 =ð2xÞ 5 and K is a curve-fitting factor.
The b TPA of Ge in its transparent regime is much stronger than that of Si. This important finding needs to be taken into account when designing Ge NLO devices. We see that Ge's strong v curve-fitting parameters were used for v ð3Þ0 1111 and b TPA to fit experimental points. Not many experimental b TPA values are available for Ge, and those data reported may (inadvertently or unknowingly) include linear absorption effects due to FCA, resulting in higher-than-actual b TPA values. Nevertheless, we still include Fig. 5(b) to reveal the general dispersion trends for NLO engineers when using Ge or Ge-rich alloy.
In Fig. 5 , we can see that the wavelength cut-off of b TPA changes with different x composition. This cut-off depends on bandgap, and in Fig. 6 we present this wavelength as a function of composition. Designers can thus choose the alloy composition that eliminates TPA at their working wavelength.
IV. RAMAN GAIN COEFFICIENT g R
For Si and Ge, as crystalline solids, Raman scattering is another important third-order NLO process that has attracted huge attention for NLO device engineering. The Raman scattering we consider here is the first-order Raman scattering from the zone-center optical phonons. Stimulated Raman scattering has been used for making Raman amplifiers and Raman lasers on a silicon chip. Most of the reported g R values for Si are for optical pumping performed between 1427 and 1565 nm. 39, [48] [49] [50] [51] [52] [53] [54] [55] The gain coefficient has already been summarized by Tsang et al. 24 In addition, midwave infrared pumping at 2.88 lm for mid-IR Raman amplification has been demonstrated in bulk silicon crystal 10 and in a Si slab waveguide. The reported values are shown in Fig. 7(a) with the unexpectedly high values reported in Ref. 39 being neglected. The Raman process in Si is well explored near telecom wavelengths, but little or no research has been done on Ge Raman within its low-loss window. However, it is known that Ge offers stronger Raman gain than Si. 56 Here we include a theoretical dispersion curve of g R in silicon to probe the unexplored gap in the midwave and longwave infrared range. Based on the result of silicon, the g R dispersion curve of Ge is also predicted. In Fig. 7(a) , it is seen that the reported g R ranges widely from 40 cm/GW down to 4 cm/GW. The different pumping schemes used might account for this wide variation. 24 Typically, lower gain is obtained with pulse pumping. 57, 58 The Raman gain coefficient can be expressed as follows:
where x s is the Stoke's frequency, n s is the linear refractive index at the Stoke's wavelength, N is the Bose occupation factor, C is one-half the FWHM of the spontaneous line shape, and S is the spontaneous Raman scattering efficiency. The efficiency for one-photon scattering is given by Ref. 60 as
where d is the absolute cross-section of the first-order Raman scattering or Raman polarizability of Si. d is not dispersive in the transparent region. 61 So,
by choosing g R $ 15 cm/GW at 1.5 lm, the dispersive curve of g R for Si shown in Fig. 7(a) is obtained, a curve that fits the reported data in the literature. Unlike Si, there is no experimental Raman gain coefficient reported for Ge explicitly in the wavelength range studied here, but the g R,Ge can be estimated using a measurement of relative Raman polarizability reported in the literature. Assuming d Ge is not strongly dispersive in its transparent range, 62 which is the case in Si, we can then estimate the g R,Ge based on g R,Si :
The ratio of C Si /C Ge is 0.87 (Ref. 56 ) and the ratio of S Si /S Ge is $ 6.8 (d Si /d Ge $ 0.33). 62 So,
Ge has a much larger Raman gain than Si and the estimated curve is shown in Fig. 7(a) . Notice that the Raman modes in Si or Ge have a fixed Raman shift, but the mode can be tuned by alloying or by inducing stress/strain. It was demonstrated that Si-rich Si 1Àx Ge x alloy can be used to make a Raman laser with different emission wavelengths under same pump wavelength. 12 Here we are going to estimate the g R of Si 1Àx Ge x . For Si 1Àx Ge x , there are three main Raman peaks: the Si-Si mode, the Ge-Ge mode, and the Si-Ge mode. 63 The frequency and the intensity of Raman peaks depends upon x and the induced stress/strain due to fabrication techniques. In addition, experimental results show that there are extra and disorder modes. 64 For simplicity, we do not consider the effect of stress/strain upon the Raman shift. Also, we know that the intensity of the Si-Ge mode is always weaker than that of Si-Si or Ge-Ge modes. 65, 66 Therefore we shall focus only on the g R of the Si-Si and Ge-Ge modes for various x. We shall assume that we can neglect the Raman shift due to x as it is not the dominant effect in g R .
In estimating the change in g R , the scattering efficiency is the main factor. Assuming that the Si and Ge atoms are arranged randomly in the lattice, the effective Raman scattering is ð1 À xÞ 2 S Si for the Si-Si mode and is x 2 S Si for the GeGe mode. 63, 65, 66 As g R / S, the Raman gain coefficient of the Si-Si and Ge-Ge modes in Si 1Àx Ge x can be estimated using following relations: g R;SiÀSi ¼ ð1 À xÞ 2 g R;Si ; g R;GeÀGe ¼ x 2 g R;Ge :
Using Eq. (16), Fig. 7(b) shows the g R of both Si-Si and GeGe modes as a function of x at the 6 lm wavelength. It can be seen that the g R of the Ge-Ge mode is higher than that of the Si-Si mode in Ge-rich alloy and vice versa. Similar to the case of the Kerr effect we mentioned in Sec. III, TPA and the resulting FCA also limits the achievable gain we can have from Raman scattering. But there is a unique exception; the Inverse Raman scattering where in the presence of FCA enhances the effect that would otherwise be masked by the coherent anti-Stokes Raman scattering signal. 67 
V. CONCLUSIONS
In this paper, we use a combination of two-band theory and experimental results to compile the key third-order nonlinear optical coefficients (v ð3Þ0 1111 , b TPA , and g R ) of bulk crystalline Si, Ge, and Si 1Àx Ge x alloy as a function of wavelength in order to assist NLO designers in their new infrared mission. These values should be useful for a host of device applications in the midwave to longwave infrared, with Ge offering the stronger nonlinearity. The effects and devices deserve further exploration because of their tremendous untapped potential in this important infrared regime.
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